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In many cases of constitutive modeling of continua undergoing large deformations, use of corotational rates and inte-
grals is inevitable to avoid the eﬀects of rigid body rotations. Making corotational rates associated with speciﬁc spin ten-
sors is a matter of interest, which can help for a better physical interpretation of the deformation. In this paper, for a given
kinematic tensor function, say G, a tensor valued function F as well as a spin tensor X0 is obtained in such a way that the
corotational rate of F associated with the spin tensor X0, becomes equal to G. In other words, F is the corotational inte-
gral of G associated with the spin tensor X0. Here, G is decomposed additively into the principally diagonal and the prin-
cipally oﬀ-diagonal parts. The symmetric tensors with the same principally diagonal parts have the same tensor valued
corotational integrals, but associated with diﬀerent spin tensors, which depends on the principally oﬀ-diagonal part.
For the validity of the results, the Eulerian logarithmic strain tensor is shown to be the tensor valued corotational integral
of the strain rate tensor, associated with the logarithmic spin. This result has separately been derived by Reinhardt &
Dubey and Xiao et al. In addition, a speciﬁc corotational rate called C-rate and its associated spin tensor are introduced.
 2006 Elsevier Ltd. All rights reserved.
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In large deformation analysis, corotational rates have a great importance, because the material response
described by the constitutive equations should not be aﬀected by rigid body rotations (see e.g, Dubey,
1985, 1987; Kozak, 2002). The corotational rate of a tensor valued quantity represents the rate of change
of that quantity with respect to a frame, which rotates instantaneously with the associated spin (Ogden,
1984). These rates are used in the constitutive modeling of materials at large deformations such as hypoelastic
constitutive equations, ﬂow rules and evolution equations.
Diﬀerent spin tensors have been deﬁned in continuum mechanics, thus diﬀerent corotational rates have
been introduced. For example two well-known corotational rates are Green–Naghdi and Jaumann rates0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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basis of the spin tensor which is associated with the proper orthogonal rotation tensor, that represents the
rotation part of the deformation gradient tensor. The Jaumann rate is deﬁned on the basis of a spin tensor,
which is the skew-symmetric part of the velocity gradient tensor. The symmetric part of the velocity gradient
tensor is called the strain rate tensor.
In the development of the principal axis method, Hill (1987) introduced the Lagrangian spin as well as the
spin of the principal axes of the left stretch tensor, called the Eulerian spin tensor. The Eulerian spin tensor is
the spin tensor associated with the E-rate. The E-rate of an Eulerian kinematic tensor represents a measure of
changes in the eigenvalues of that tensor with respect to the Eulerian triads (Metzger and Dubey, 1987; Nag-
hdabadi et al., 2005).
Reinhardt and Dubey (1995) introduced a corotational rate, called D-rate, in such a way that the strain rate
tensor, is the D-rate of the Hencky logarithmic strain tensor. Using the principal axis method, they derived a
formula for the components of the spin tensor corresponding to the D-rate.
Xiao et al. (1997) introduced the logarithmic corotational rate, called log-rate and its associated spin tensor.
Based on the deﬁnition of the logarithmic corotational rate, the strain rate tensor, is the log-rate of the Hencky
logarithmic strain tensor. It will be shown that D-rate and log-rate are the same. In another attempt Xiao et al.
(1998) proved a general result on objective corotational rates and their deﬁning spin tensors.
In this paper, a method is introduced to obtain the tensor valued corotational integral of a given symmetric
kinematic tensor function and its associated spin. To obtain the corotational integral, the given symmetric ten-
sor function is decomposed additively into two parts: principally diagonal and principally oﬀ-diagonal. The
corotational integral depends on the principally diagonal part whereas the associated spin tensor depends
on the principally oﬀ-diagonal part. Hence, symmetric tensors with the same principally diagonal parts have
the same tensor valued corotational integrals but associated with diﬀerent spin tensors. For veriﬁcation of the
method, the tensor valued corotational integral of the strain rate tensor, D, and the corresponding spin tensor
are determined. It is shown that the tensor valued corotational integral of D is equal to the Hencky strain ten-
sor associated with the logarithmic spin. In other words, D is the corotational rate of the Hencky strain tensor
associated with the logarithmic spin tensor. Such a result had been introduced by Reinhardt and Dubey (1995)
as D-rate and by Xiao et al. (1997) as log-rate. Also, based on this approach, a speciﬁc corotational rate in
name of C-rate is introduced.2. Corotational rates
Consider a symmetric kinematic second order tensor T, with the spectral representation in the form of:T ¼
X3
i¼1
T iti  ti ð1Þwhere Ti and ti represent the principal values and directions of tensor T, respectively. Throughout this paper
the summation convention is not used. Also, the bold faced capital and small letters represent second order
tensors and vectors, respectively. The spectral representation of a symmetric second order tensor valued func-
tion of T, F ðTÞ, which is coaxial with T, is represented as follows (Ogden, 1984; Bonet and Wood, 1997):F ðTÞ ¼
X3
i¼1
F ðT iÞti  ti ð2Þwhere F ðT iÞ are the principal values of F ðTÞ. Henceforth, for brevity we show F ðTÞ and FðT iÞ by F and F i,
respectively.
Now consider the corotational rate operator, which is deﬁned as the time derivative of a tensor quantity
with respect to a rotating frame returned back to the ﬁxed frame. Thus, the corotational rate of the tensor
valued function F , is deﬁned as:F 0 ¼ R0½R0TFR0R0T ð3Þ
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Taking material time derivative of the terms in the brackets in Eq. (3) and rearranging the terms, we obtain:F 0 ¼ _F þFX0 X0F ð4Þ
where _F is the material time derivative of F associated with the ﬁxed frame and F 0 is the corotational rate of
F associated with the rotating frame having the spin X0, which is deﬁned as:X0 ¼ _R0ðR0ÞT ð5Þ
In virtue of Eq. (4), the corotational rate operator acts on the symmetric tensor valued function F and con-
verts it into a symmetric tensor function of T, _T and a spin tensor, say X*, in the form of GðT; _T;XÞ:
F 0ðTÞ ¼ GðT; _T;XÞ ð6ÞIt is shown later that, in general X* is diﬀerent from X0. In the next sections we obtain F and the associated
spin tensor X0 for a given G. The symmetric tensor function G and the skew symmetric tensor X0, on the prin-
cipal directions of T can be written in the following forms, respectively:GðT; _T;XÞ ¼
X3
i;j¼1
~Gijti  tj ð7Þ
X0 ¼
X3
i;j¼1
i6¼j
~X0ijti  tj ð8Þwhere ~Gij and ~X0ij represent the components of tensors G and X
0 in the principal directions of T, respectively.
Throughout this paper for tensors not coaxial with T, ‘‘’’ represents the components of these tensors in the
principal directions of T. The material time derivative of Eq. (2) is in the form of:_F ¼
X3
i¼1
_F iti  ti þ
X3
i¼1
F i _ti  ti þ
X3
i¼1
F iti  _ti ð9Þwhere_ti ¼ Xtti ð10Þ
In Eq. (10),Xt is the spin tensor associated with the rotation tensor Rt, which is the rotation of the unit vectors
ti with respect to the ﬁxed frame, and is obtained by:Xt ¼ _RtðRtÞT ð11Þ
Substituting Eq. (10) into (9) and doing some algebraic manipulations, we obtain:_F ¼
X3
i¼1
_T iF
0
iti  ti þ
X3
i;j¼1
i 6¼j
~XtijðF j  F iÞti  tj ð12Þwhere prime on F 0i denotes diﬀerentiation with respect to the argument Ti.
Substitution of Eqs. (2), (7), (8) and (12) into Eq. (4) and doing some algebraic manipulations, yields:X3
i;j¼1
~Gijti  tj ¼
X3
i¼1
_T iF
0
iti  ti þ
X3
i;j¼1
i6¼j
ð~X0ij  ~XtijÞðF i  F jÞti  tj ð13ÞThe ﬁrst summations in the right hand sides of Eqs. (9), (12) and (13) represent the time rate of change in the
eigenvalues of F which is shown by F t:F t ¼
X3
i¼1
_F iti  ti ¼
X3
i¼1
_T iF
0
iti  ti ð14Þ
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coaxial. From Eqs. (12) and (14), F t can be obtained in the tensor form, as:F t ¼ _F þFXt XtF ð15ÞBy comparing Eqs. (4) and (15), it is concluded thatF t is the corotational rate ofF associated with the spin
tensor Xt. Substitution of T for F in Eqs. (14) and (15) yields:T t ¼ _T þ TXt XtT ¼
X3
i¼1
_T iti  ti ð16ÞFrom Eq. (16), _T can be obtained in the following form:_T ¼ T t þXtT  TXt ð17ÞUsing Eq. (16), Eq. (14) can be written as:F t ¼ T tF 0 ¼ F 0T t ð18Þ
whereF 0 is a symmetric second order tensor valued function, which is coaxial with T andF , and is introduced
as:F 0 ¼
X3
i¼1
F 0iti  ti ð19ÞUsing Eqs. (2), (7) and (18), Eq. (13) can be written in the tensor form:G ¼ F 0T t þ ½F ðX0 XtÞ  ðX0 XtÞF  ð20Þ
The ﬁrst term in the right hand side of Eq. (13) as well as the same term in Eq. (20) is coaxial with F , hence it
takes diagonal form in the principal directions of T which is called the principally diagonal or the coaxial part
of G (Naghdabadi and Ghavam, 2002). In addition, in Eq. (20), the terms in brackets which are equal to the
second summation in the right hand side of Eq. (13) have zero diagonal components in the principal directions
of T and are not coaxial with F . Hence, it is called the principally oﬀ-diagonal or the non-coaxial part of G.
Also, based on Eq. (17), _T is a function of T, Tt and Xt, so GðT; _T;XÞ can be expressed as GðT;T t;Xt;XÞ.
Thus, GðT; _T;XÞ can be decomposed additively into two parts as follows:GðT; _T;XÞ  GðT;T t;Xt;XÞ ¼ GcðT;T tÞ þ GncðT;X;XtÞ ð21Þ
where GcðT;T tÞ is the principally diagonal (coaxial) part of GðT;T t;Xt;XÞ, which is a function of T and Tt,
and is equal to:GcðT;T tÞ ¼ F 0T t ¼
X3
i¼1
_T iF
0
iti  ti ð22Þand GncðT;X;XtÞ is the principally oﬀ-diagonal (non-coaxial) part of GðT;T t;Xt;XÞ, which is represented as:
GncðT;X;XtÞ ¼ F ðX0 XtÞ  ðX0 XtÞF
¼
X3
i;j¼1
i6¼j
ð~X0ij  ~XtijÞðF i  F jÞti  tj ð23ÞAccordingly, in Eq. (17), Tt is the principally diagonal part of _T and XtT  TXt is its principally oﬀ-diagonal
part. Hence, in GðT; _T;XÞ  GðT;T t;Xt;XÞ all terms including Tt are absorbed in GcðT;T tÞ and the terms
with XtT  TXt appear in GncðT;X;XtÞ. Henceforth, for brevity we show GcðT;T tÞ and GncðT;X;XtÞ with
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the spin tensor X0 in the next sections.3. Corotational integrals
Integrals same as rates, can be represented in diﬀerent rotating frames. A corotational integral is the inte-
gral of a tensor quantity associated with a rotating frame returned back to the ﬁxed frame. The corotational
integral of G is deﬁned in the following form (Khan and Huang, 1995):Z
CI:X^
Gds ¼ R^
Z s
0
R^TGR^ds
 
R^T ð24Þwhere s is a time-like parameter and CI : X^ represents the corotational integral with respect to the frame
which rotates with the spin X^ ¼ _^RR^T. If in Eq. (24) R0 is substituted for R^, the corotational integral of G be-
comes equal to F :F ¼
Z
CI:X0
Gds ð25ÞThis is the only case, in which the corotational integral of G is equal to a tensor valued function. Hence, F is
the tensor valued corotational integral of G. In order to obtain the tensor valued function F in the principal
directions of T, we equate the diagonal components in both sides of Eq. (13) and it yields:F i ¼
Z ~Gii
_T i
dT i ð26ÞSince F i is only a function of Ti, hence the integrand should be a function of Ti, too. It is concluded from Eq.
(26) that; the diagonal components of G can be written in the form of:~GiiðT i; _T iÞ ¼ _T iSðT iÞ ð27ÞThe same result can also be obtained by using Eq. (22) in the component form which results in: SðT iÞ ¼ F 0i.
Hence, from Eqs. (26) and (27), it can be deduced that:F 0 ¼
X3
i¼1
F 0iti  ti ¼
X3
i¼1
~Gii
_T i
ti  ti ð28ÞTo this end there are two conclusions: ﬁrst, the tensor G has a tensor valued corotational integral only with
respect to a speciﬁc rotating frame associated with the spin tensor X0. Second, the tensor valued corotational
integral depends only on the diagonal components of G in the principal directions of T, ~Gii. In other words it
depends on the principally diagonal part of G. Such a result can also be deduced from Eq. (22):F 0 ¼ GcT t1 ð29Þ
Using Eq. (29), and noting that the principal directions of T, Gc and T
t are the same, Eq. (26) is represented
symbolically as follows:F ¼
Z
CR:X0
Gds ¼
Z
GcT
t1 dT ð30ÞEqs. (26) and (30) represent relations for obtaining the tensor valued corotational integral of a symmetric
tensor function G with respect to a frame which rotates with the spin tensor X0. These equations show that
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but associated with diﬀerent spin tensors.4. Spin tensors associated with corotational rates and integrals
The spin tensor, X0, associated with the corotational rate in Eq. (4) and the corotational integral in Eq. (30)
is obtained here by using the principal axes method. For the case of distinct eigenvalues of T, the components
of the spin tensor X0 is determined by equating the oﬀ-diagonal components in both sides of Eq. (13), as:~X0ij ¼ ~Xtij þ
~Gij
F i  F j for T i 6¼ T j ð31ÞFor the case of repeated eigenvalues of T, Ti = Tj, the numerator and denominator of the second term in Eq.
(31) approach to zero. Thus, using L’Hopital’s rule for this term, we obtain:lim
T i!T j
~Gij
F i  F j ¼ limT i!T j
o~Gij=oT i
dF i=dT i
¼ 1
F 0j
lim
T i!T j
o~Gij
oT i
ð32ÞFrom Eqs. (31) and (32) the components of the spin tensor X0 in the principal directions of T are obtained for
the two cases of distinct and repeated eigenvalues of T as follows:~X0ij ¼ ~Xtij þ
~Gij
F iF j for T i 6¼ T j
1
F 0
0
lim
T i;T j!T 0
o~Gij
oT i
for T i ¼ T j ¼ T 0
8><
>: ð33Þor in another form:X0 ¼ Xt þ
Xn
i;j¼1
i6¼j
~Gij
F i  F j ti  tj þ
1
F 00
X3
i;j¼n
i6¼j
lim
T i ;T j!T 0
o~Gij
oT i
ti  tj ð34Þwhere n is the number of distinct eigenvalues of T. Eqs. (4) together with (26) and (33) represent a procedure
that determines a corotational rate and its associated spin tensor X0 which converts the symmetric tensor val-
ued function F with the eigenvalues given by Eq. (26) to a given symmetric tensor, G. In other words, the
corotational integral of G associated with the spin tensor X0, which is given in Eq. (33), is equal to the sym-
metric tensor valued function F with the eigenvalues given by Eq. (26).
In the following, the spin tensorX0 is obtained in the basis free form. From Eq. (33) it is observed thatX0 is
a tensor function of Xt, T and G in the form of:X0ðXt;T;GÞ ¼ Xt þ NðT;GÞ ð35Þwhere N is a skew-symmetric tensor which can be shown by the representation theorem (Guo et al., 1992;
Guansuo, 1999) for distinct eigenvalues of T, as:N ¼ p1ðTG  GTÞ þ p2ðT2G  GT2Þ þ p3ðT2GT  TGT2Þ ð36ÞBy substituting Eq. (36) into Eq. (35), X0 takes the following form for the case of distinct eigenvalues of T:X0 ¼ Xt þ p1ðTG  GTÞ þ p2ðT2G  GT2Þ þ p3ðT2GT  TGT2Þ ð37ÞUsing Eqs. (1), (7), (8), (33) and (35), Eq. (36) is written in the principal directions of T, for distinct eigen-
values of T (T15 T25 T3), in the following form:
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i;j¼1
i6¼j
~Nijti  tj ¼
X3
i;j¼1
i6¼j
ð~X0ij  ~Xt ijÞti  tj
¼ 
X3
i;j¼1
i6¼j
~GijðT i  T jÞ½p1 þ p2ðT i þ T jÞ þ p3 Ti T jti  tj ð38ÞEq. (38) yields the following set of algebraic equations in terms of the unknown coeﬃcients p1, p2 and p3:p1 þ p2ðT i þ T jÞ þ p3T iT j ¼ 1ðF i  F jÞðT i  T jÞ ; i; j ¼ 1; 2; 3 and i 6¼ j ð39ÞSolving the set of linear algebraic Eqs. (39) for p1, p2 and p3, we obtain:p1 ¼ 1d
T 21
F 2  F 3 þ
T 22
F 3  F 1 þ
T 23
F 1  F 2
 
p2 ¼ 1d
T 1
F 2  F 3 þ
T 2
F 3  F 1 þ
T 3
F 1  F 2
 
ð40Þ
p3 ¼ 1d
1
F 2  F 3 þ
1
F 3  F 1 þ
1
F 1  F 2
 Eqs. (40) can be written in a compact form:pn ¼ 1
2d
X3
i;j;k¼1
ðT kÞ3nðF i  F jÞ1eijk; n ¼ 1; 2; 3 ð41Þwhere eijk is the components of the permutation tensor and d is deﬁned as follows:d ¼ ðT 1  T 2ÞðT 2  T 3ÞðT 3  T 1Þ ð42Þ
where I, II and III are the principal invariants of tensor T, which are deﬁned as:I ¼ T 1 þ T 2 þ T 3; II ¼ T 1T 2 þ T 2T 3 þ T 1T 3; III ¼ T 1T 2T 3 ð43Þ
For the case of two equal eigenvalues of T, T15 T2 = T3 = T0, using the representation theorem, N can be
considered in the following form:N ¼ p0ðTG  GTÞ þ  ð44Þ
where  is a skew-symmetric tensor and is considered here to maintain the continuity of the solutions (36) and
(44) as T2 and T3 tend to T0. Substitution of Eq. (44) into Eq. (35), yields:X0 ¼ Xt þ p0ðTG  GTÞ þ  ð45Þ
The modifying term  is taken from Eq. (33)-2 or the third term in the right hand side of Eq. (34), hence Eq.
(45) becomes:X0 ¼ Xt þ p0ðTG  GTÞ þ 1
F 00
X3
i;j¼2
i 6¼j
lim
T i;T j!T 0
o~Gij
oT i
ti  tj ð46ÞBy substituting Eqs. (1), (7), (8) and (33) into Eq. (46) in the principal axes of T and after doing some algebraic
manipulations we get:p0 ¼ 1
d0
ðF 1  F 0Þ1 ð47Þwhered0 ¼ ðT 1  T 0Þ ð48Þ
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lowing form:X0 ¼ Xt þ 1
F 00
X3
i;j¼1
i6¼j
lim
T i ;T j!T 0
o~Gij
oT i
ti  tj ð49ÞEqs. (37), (46) and (49) make the basis free relation for the spin tensor associated with the corotational rate
(4) or the corotational integral (25). Writing these equations together, we obtain:X0 ¼ Xt þ  þ
p1ðTG  GTÞ þ p2ðT2G  GT2Þ þ p3ðT2GT  TGT2Þ; T 1 6¼ T 2 6¼ T 3
p0ðTG  GTÞ; T 1 6¼ T 2 ¼ T 3 ¼ T 0
0; T 1 ¼ T 2 ¼ T 3 ¼ T 0
8><
>: ð50Þwhere the coeﬃcients p0, p1, p2 and p3 are given in Eqs. (41) and (47), and  is a skew-symmetric tensor which
is obtained as follows:! ¼ 1
F 00
X3
i;j¼n
i6¼j
lim
T i;T j!T 0
o~Gij
oT i
ti  tj ð51ÞIn Eq. (51), n is the number of distinct eigenvalues of T. From Eq. (23) or (33) it is concluded that we can take
X0 as a function of T, Xt and Gnc. Hence, Eq. (50) can be written in terms of the principally oﬀ-diagonal part,
GncðT;X;XtÞ by replacing G from Eq. (21) as:X0 ¼ Xt þ  þ
p1ðTGnc  GncTÞ þ p2ðT2Gnc  GncT2Þ þ p3ðT2GncT  TGncT2Þ; T 1 6¼ T 2 6¼ T 3
p0ðTGnc  GncTÞ; T 1 6¼ T 2 ¼ T 3 ¼ T 0
0; T 1 ¼ T 2 ¼ T 3 ¼ T 0
8><
>:
ð52Þ
It is noted that the principal directions of T and Gc are the same, hence, we have: TGc ¼ GcT, T2Gc ¼ GcT2
and T2GcT ¼ TGcT2. The coeﬃcients p0, p1, p2 and p3 given in Eqs. (41) and (47) remain unchanged.
It is worth to note that, if G represents the material time derivative of a symmetric tensor valued function of
T such asHðTÞ; GðT; _T;XÞ ¼ _HðTÞ, then Eq. (4) is satisﬁed forX0 = 0 andF ¼H due to the uniqueness of
the solutions (26) and (33). Also, the same result is achieved by replacing the components of _H for the prin-
cipal components of G in Eqs. (26) and (33). Hence, in this case G has a corotational integral associated with
the ﬁxed frame, or in other words, G is an exact diﬀerential.
5. D-rate and log-rate
As an example for the method introduced in the last sections, a corotational rate and its corresponding spin
tensor are investigated which converts an Eulerian tensor valued function, F ðVÞ, (with the left stretch tensor,
V, substituted instead of T in Eq. (2) and the related equations) to the strain rate tensor, D. In other words, we
ﬁnd the tensor valued corotational integral of D and its associated spin tensor. For this purpose the strain rate
tensor D, is substituted instead of G in the obtained equations. The strain rate tensor is the symmetric part of
the velocity gradient tensor L:D ¼ 1
2
ðLþ LTÞ ¼ 1
2
½ _FF1 þ ð _FF1ÞT ð53Þwhere F is the deformation gradient tensor and is related to the left stretch tensor V by the polar decompo-
sition theorem as follows:F ¼ VR ð54Þ
In Eq. (54) R is a proper orthogonal rotation tensor. Substitution of Eq. (54) into Eq. (53), D takes the fol-
lowing form in terms of the left stretch tensor V and the spin tensor X:
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2
ð _VV1 þ V1 _V þ VXV1  V1XVÞ ð55Þwhere X ¼ _RRT is the spin tensor associated with the rotation tensor R. Here D plays the role of G in the rela-
tions obtained in the last sections, with V and X instead of T and X*, respectively. The spectral representation
of the left stretch tensor V, is in the form of:V ¼
X3
i¼1
kini  ni ð56Þwhere ki and ni are the principal values and directions of tensor V, respectively. ki’s are named as the principal
stretches and ni’s form the Eulerian triads. The rotation of the Eulerian triads with respect to the ﬁxed frame is
demonstrated with RE and the spin tensor associated with this rotation tensor is named as the Eulerian spin
tenor; XE ¼ _REðR EÞT. RE andXE play the rules of Rt andXt in the last sections. The inverse of the left stretch
tensor is obtained from Eq. (56) as follows:V1 ¼
X3
i¼1
1
ki
ni  ni ð57ÞThe material time derivative of V is obtained by using Eq. (12) with V and XE instead of T and Xt, in the
following form:_V ¼
X3
i¼1
_kini  ni þ
X3
i;j¼1
i6¼j
~XEijðkj  kiÞni  nj ð58ÞFrom Eq. (17), _V can be written in the following form with T and Xt replaced by V and XE, as:_V ¼ VE þXEV  VXE ð59Þ
where VE is the Eulerian corotational rate of V. Inserting Eqs. (56)–(58) into Eq. (55), we obtain the compo-
nents of the strain rate tensor on the Eulerian triads as:D ¼
X3
i;j¼1
~Dijni  nj ¼
X3
i¼1
_ki
ki
ni  ni þ
X3
i;j¼1
i 6¼j
ð~Xij  ~XEijÞðk2i  k2j Þ
2kikj
ni  nj ð60ÞSubstitution of the diagonal components of D from the ﬁrst summation in Eq. (60) into Eq. (26) instead of ~Gii,
and ki instead of Ti, yield:F i ¼
Z
dki
ki
¼ ln ki ð61ÞIf we take F i as the principal values of a strain measure, hence it should be zero for ki = 1 and therefore the
integral constant is zero. Eq. (61) shows that the only symmetric tensor which its corotational rate is the strain
rate tensor D, is the Hencky logarithmic strain tensor F ðVÞ ¼ ln V . D is decomposed into principally diag-
onal and oﬀ-diagonal parts, by substituting _V from Eq. (59) in terms of V, VE andXE into Eq. (55), as follows:D ¼ V1VE þ 1
2
½VðXXEÞV1  V1ðXXEÞV  ð62ÞThe ﬁrst term in the right hand side of Eq. (62) is the principally diagonal part and the terms in the brackets
are the principally oﬀ-diagonal part of D, respectively:DcðV ;VEÞ ¼ V1VE
DncðV ;X;XEÞ ¼ 1
2
½VðXXEÞV1  V1ðXXEÞV 
ð63Þ
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stitution of the principally diagonal part of D, Dc, from Eq. (63) instead of Gc, and V
E instead of Tt in Eq. (30),
yields:F ¼
Z
CR:X0
Dds ¼
Z
DcV
E1 dV ¼ lnV ð64ÞThus, lnV is the corotational integral of D only with respect to a speciﬁc spin tensor which can be obtained
from Eq. (33) or (50). Inserting Eq. (61) and the oﬀ-diagonal components of D from Eq. (60) into Eq. (33), and
also substituting XE for Xt and taking into account that F 0j ¼ 1=k j, we obtain:~X0ij ¼ ~XEij þ
ð~Xij~XEijÞðk2i k2j Þ
2kikj lnðki=kjÞ for ki 6¼ kj
~Xij  ~XEij for ki ¼ kj
8<
: ð65ÞIt is noted that any other tensor such as G with the principally diagonal part equal to V1VE has the same
corotational integral as lnV, but associated with a diﬀerent spin tensor. Such an example will be discussed
later.
The result obtained for the spin tensor in Eq. (65) is on the principal directions of the left stretch tensor (the
Eulerian triads). To obtain a basis free form of this equation, Eq. (50) should be used with Xt, T, Ti and G
replaced by XE, V, ki and D, respectively, and also with F
0
0 ¼ 1=k0. After doing some algebraic manipulations,
we have:X0 ¼ XE þ
p1ðVDDVÞ þ p2ðV2DDV2Þ þ p3ðV2DV  VDV2Þ; k1 6¼ k2 6¼ k3
p0ðVDDVÞ þ !; k1 6¼ k2 ¼ k3 ¼ k0
XXE; k1 ¼ k2 ¼ k3 ¼ k0
8><
>: ð66Þwhere ¼ ð~X23  ~XE23Þðn2  n3  n3  n2Þ ð67Þ
In Eq. (66) the coeﬃcients p1, p2, p3 and p0 are obtained from Eqs. (41) and (47) as follows, respectively:pn ¼
P3
i;j;k¼1
ðkkÞ3n
lnðki=kjÞ2 eijk
ðk1  k2Þðk2  k3Þðk3  k1Þ ; n ¼ 1; 2; 3 ð68Þandp0 ¼ 1
lnðk1=k0Þðk1  k0Þ ð69ÞEq. (66) can also be written in terms of Dnc as in Eq. (52). The coeﬃcients pi which are given in Eqs. (68) and
(69) remain unchanged.
Reinhardt and Dubey (1995) and Xiao et al. (1997) using diﬀerent approaches, have separately shown that,
the strain rate tensor D can be obtained from an appropriate corotational rate of the Hencky logarithmic
strain tensor, ln V. Eq. (65) and (66) are other forms of the equations that Reinhardt & Dubey and Xiao
et al. have derived for the spin tensors corresponding to D-rate and log-rate, respectively. Here we show
the equality of the spin tensors associated with D-rate, log-rate and the results obtained in Eqs. (65) and (66).
Xiao et al. (1997) showed that the spin tensor associated with the log-rate is obtained from the following
equation, which is named the logarithmic spin, Xlog:Xlog ¼W þ
m1ðBDDBÞ þ m2ðB2DDB2Þ þ m3ðB2DB  BDB2Þ; B1 6¼ B2 6¼ B3
mðBDDBÞ; B1 6¼ B2 ¼ B3
0; B1 ¼ B2 ¼ B3
8><
>: ð70Þ
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tion tensor and Bi ¼ k2i are its eigenvalues. The spectral representation of B andW on the Eulerian triads are
as follows, respectively:B ¼
X3
i¼1
Bini  ni ð71Þ
W ¼
X3
i;j¼1
i6¼j
~W ijni  nj ð72ÞIn Eq. (70), m, m1, m2 and m3 are deﬁned as:m ¼ 1
B1  B2
1þ e3
1 e3 þ
2
ln e3
 
mj ¼ 1D
X3
i¼1
ðBiÞ3j 1þ ei
1 ei þ
2
ln ei
 
j ¼ 1; 2; 3
ð73Þwhere ei and D are deﬁned as follows:ei ¼ Bj=Bk; i; j; k permutes as 1; 2; 3
D ¼ ðB1  B2ÞðB2  B3ÞðB3  B1Þ ð74ÞReinhardt and Dubey (1995) by using the principal axes method derived the following formula for
the components of the spin tensor associated with the D-rate on the Eulerian triads, which is marked
as ~XDij :~XDij ¼ ~W ij þ
1
ln kiln kj 
k2i þk2j
k2i k2j
 
~Dij; ki 6¼ kj
0; ki ¼ kj
8<
: ð75ÞIn order to show the equality of the spin tensors associated with the D- and log-rates, we start from Eq. (70)
and reach to Eq. (75). To decrease the complexity of this process we consider Eq. (70) in the principal direc-
tions of the left stretch tensor, which are the same as the principal directions of the left Cauchy-Green defor-
mation tensor, B. Inserting Eqs. (71) and (72) into Eq. (70)-1 for the case of three distinct eigenvalues of B, we
obtain:Xlog ¼
X3
i;j¼1
i6¼j
~W ij  ~Dij m1 þ m2ðk2i þ k2j Þ þ m3ðk2i k2j Þ
h in o
ni  nj ð76Þwhere m1, m2 and m3 are obtained from Eqs. (73) as following:m1 ¼ 1D ðk
4
1w1 þ k42w2 þ k43w3Þ
m2 ¼ 1D ðk
2
1w1 þ k22w2 þ k23w3Þ
m3 ¼ 1D ðw1 þ w2 þ w3Þ
ð77Þandwk ¼
1
ln ki  ln kj 
k2i þ k2j
k2i  k2j
; i; j; k permutes as 1; 2; 3 ð78Þ
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X3
i;j¼1
i6¼j
~W ij þ ~Dij 1
ln ki  ln kj 
k2i þ k2j
k2i  k2j
 !( )
ni  nj ð79ÞEq. (79) is the same as Eq. (75)-1 for ki5 kj. For ki = kj, with the L’Hopital’s rule Eq. (79) reduces to
Xlog =W, which is equal to Eq. (75)-2. Hence, we can conclude that: XD = Xlog, or in other words, the coro-
tational rates D- and log- are the same. A note on this issue has been explained as footnotes on page 89 in the
recent paper (Xiao et al., 2006).
Now we show that the result obtained in Eq. (65) is equal to the result obtained for the spin tensor asso-
ciated with D-rate and log-rate in Eq. (79). For this purpose, the following kinematic relation between the spin
tensors XE, XL (Lagrangian spin tensor) and W is used (Mehrabadi and Nemat Nasser, 1987):2IIIðRTWR RTXERÞ ¼ IUXLU  IIðUXL þXLUÞ þ IIIXL ð80Þ
where I, II and III are the invariants of the right and left stretch tensors, U and V. Pre and post multiplying
Eq. (80) by R and RT and using the relation RXLRT = XE  X, we obtain:2IIIðW XEÞ ¼ IVðXE XÞV  II ½VðXE XÞ þ ðXE XÞV  þ IIIðXE XÞ ð81Þ
Writing Eq. (81) in the principal directions of the left stretch tensor, doing some algebraic manipulations and
rearranging the terms of the spin tensors, we get:ðk2i þ k2j Þ~Xij ¼ ðki  kjÞ2 ~XEij þ 2kikj ~W ij ð82Þ
For ki = kj, Eq. (82) reduces to ~Xij ¼ ~W ij, or X =W. Substituting this equation and Eq. (82) into Eq. (65) and
using Eq. (60), yields the same result as Eq. (79), which is demonstrate the validity of our results. As Eq. (66) is
the basis free form of Eq. (65), hence this equation must be equal with Eq. (70).
6. C-rate
As another example of the proposed method for obtaining speciﬁc corotational rates, a corotational rate
associated with the symmetric part of _VV1 is investigated. This example explains the mathematical procedure
involved in using the relations derived in the preceding sections. For this purpose, we introduce a symmetric
Eulerian second order tensor, GðT; _T;XÞ ¼ CðV ; _VÞ, similar to D, but with X* taken equal to zero as:CðV ; _VÞ ¼ 1
2
ð _VV1 þ V1 _VÞ ð83ÞWe search for a speciﬁc corotational rate which converts a symmetric Eulerian tensor valued function F to
C. In other words we search for the tensor valued corotational integral of C. Inserting Eqs. (57) and (58) into
Eq. (83), we obtain:C ¼
X3
i;j¼1
~Cijni  nj ¼
X3
i¼1
_ki
ki
ni  ni þ
X3
i;j¼1
i6¼j
~XEij
k2j  k2i
2kikj
ni  nj ð84ÞSubstituting components of tensor CðV ; _VÞ on the Eulerian triads, ~Cij, for ~Gij in Eqs. (26) and (33), and also
substituting the Eulerian spin tensor, XE, instead of Xt in Eq. (33), we obtain:F i ¼ ln ki or F ¼ lnV ð85Þ
and~XCij ¼ ~XEij þ
~XEijðk2i k2j Þ
2kikj lnðki=kjÞ for ki 6¼ kj
~XEij for ki ¼ kj
8<
: ð86Þ
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repeated eigenvalues, we have XC = 0. Here, we can write that, the ‘‘C-rate’’ of the Hencky logarithmic strain
tensor, lnV, is equal to C:C ¼ ð _VV1Þsym ¼ ðlnVÞC ¼ ðlnV _Þ þ ðlnVÞXC XCðlnVÞ ð87Þ
The tensor valued corotational integral of C the same as D is equal to lnV. Hence, it is concluded that the
principally diagonal part of C must be the same as the principally diagonal part of D. C is decomposed into
principally diagonal and oﬀ-diagonal parts as follows:C ¼ V1VE þ 1
2
½V1XEV  VXEV1 ð88ÞIn Eq. (88), the ﬁrst term is the principally diagonal part and the terms in brackets are the principally oﬀ-di-
agonal part of C. Here, the corotational integral of C associated with the spin tensor XC is equal to lnV, or:Z
CR:XC
Cds ¼ lnV ð89ÞThe result obtained for the spin tensor associated with the C-rate in Eq. (86), is on the principal directions
of the left stretch tensor (the Eulerian triads). To obtain a basis free form of this equation, Eq. (50) is used with
XE, V, ki and C instead of X
t, T, Ti and G and also with F
0
i ¼ 1=ki.XC ¼ XE þ
p1ðVC CVÞ þ p2ðV2C CV2Þ þ p3ðV2CV  VCV2Þ; k1 6¼ k2 6¼ k3
p0ðVC CVÞ þ !; k1 6¼ k2 ¼ k3 ¼ k0
XE; k1 ¼ k2 ¼ k3 ¼ k0
8><
>: ð90Þwhere ¼ ~XE23ðn2  n3  n3  n2Þ ð91Þ
In Eq. (90) the coeﬃcients p1, p2, p3 and p0 are the same as the coeﬃcients in Eqs. (68) and (69), which were
determined for D- and log- rates. This is because Eqs. (41) and (47) reveal that pi’s depend only on F i and Ti
which are the same for D-, log- C-rates. Eq. (90) can also be written in terms of Cnc same as Eq. (52). The
coeﬃcients pi which are given in Eqs. (68) and (69) remain unchanged.
As another example, we introduce the symmetric Eulerian tensor function, KðV ; _V ;XEÞ, in the following
form:KðV ; _V;XEÞ ¼ _VV1 XE þ VXEV1 ¼ VEV1 ð92Þ
This tensor function has not any principally oﬀ-diagonal part, Knc = 0, and its principally diagonal part is
equal to VEV1. Hence its corotational integral is equal to lnV (same as D and C), but associated with the
Eulerian spin tensor, XE. This result is obtained by substituting zero for Gnc ¼ Knc ¼ 0 and XE instead of
Xt in Eq. (52). It is recalled that, the Eulerian spin is the spin tensor associated with the E-rate.7. Discussion and conclusions
In this paper, the symmetric kinematic tensor function GðT; _T;XÞ, which is a function of the symmetric
tensor T, it’s derivative and a spin tensor X*, is decomposed additively into two parts. These parts are the
principally diagonal or coaxial part shown by GcðT;T tÞ and the principally oﬀ-diagonal or non-coaxial part
marked as GncðT;Xt;XÞ, where Xt is the spin tensor of the principal directions of T with respect to the ﬁxed
frame. Gc and Gnc are diagonal and oﬀ-diagonal on the principal directions of T, respectively. We have shown
that the tensor valued corotational integral of G depends only on its coaxial part, Gc. So all of the tensor
functions with the same coaxial part have equal tensor valued corotational integrals, but associated with dif-
ferent spin tensors. These spin tensors depend on the non-coaxial part of G. In other words Gc speciﬁes the
tensor valued corotational integral of G, and Gnc determines its associated spin tensor. In this paper, this
K. Ghavam, R. Naghdabadi / International Journal of Solids and Structures 44 (2007) 5222–5235 5235tensor valued function and its associated spin tensor have been obtained in both component and basis-free
forms.
As an example, the spin tensor associated with D- and log- rates which have been introduced by Reinhardt
and Dubey (1995) and Xiao et al. (1997), respectively, has been obtained. As another example, a new corota-
tional rate called C-rate is introduced, which converts the Hencky logarithmic strain tensor into C.
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